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Abstract
A new model for calculating nuclear level densities is investigated. The single-
nucleon spectra are calculated in a relativistic mean-field model with energy-dependent
effective mass, which yields a realistic density of single-particle states at the Fermi
energy. These microscopic single-nucleon states are used in a fast combinatorial al-
gorithm for calculating the non-collective excitations of nuclei. The method, when
applied to magic and semi-magic nuclei, such as 60Ni, 114Sn and 208Pb, reproduces
the cumulative number of experimental states at low excitation energy, as well as
the s-wave neutron resonance spacing at the neutron binding energy. Experimental
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densities by a simple vibrational enhancement factor. Problems to be solved in the
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1 Introduction
Nuclear level densities have been a lively field of research for over sixty years
since the pioneering work of Bethe[1]. The subject is interesting both from a
purely theoretical point of view (the problem of a quantum many-body system
with continuum excitation energy), as well as from a perspective of applica-
tions (e.g. an essential ingredient of statistical models of nuclear reactions).
Owing to their computational simplicity, phenomenological formulae for nu-
clear level densities with parameters adjusted to empirical data available at
low excitation energy (cumulative numbers of discrete levels and s-wave neu-
tron resonance spacings), have been used for many years. Their extrapolation
to those regions of the periodic chart where there is no experimental infor-
mation is, however, doubtful. The calculation of nuclear level densities should
be rather based on microscopic structure models, and should make use of fast
computational algorithms in order to deal with huge numbers of states that
increase exponentially with excitation energy [1].
In this work we investigate a new model for calculating nuclear level densities.
The method combines an efficient combinatorial algorithm based on the Gaus-
sian polynomial expansion of a generating function [2], and an improved rel-
ativistic mean-field structure model with energy-dependent effective mass [3].
The microscopic structure model not only reproduces the bulk nuclear prop-
erties over the whole periodic chart, but it also yields realistic densities of
single-nucleon states around the Fermi energy, an essential requirement for a
self-consistent mean-field approach to nuclear level densities.
In Section 2 we outline the relativistic mean-field model with energy-dependent
effective mass. The combinatorial algorithm for calculating nuclear level densi-
ties is described in Section 3. In this work applications are limited to magic and
semi-magic nuclei. Empirical data at excitation energies above 10 MeV can
be reproduced at the price of introducing a vibrational enhancement factor,
described in Section 4. Our numerical results are compared with experimental
data in Section 5. In Sec. 6 we summarize the results and present an outlook
for future applications.
2 Relativistic Structure Model
The microscopic nuclear structure model adopted in the present work is de-
scribed in detail in Ref. [3], where it has also been applied in the calculation
of single-nucleon states in magic nuclei, e.g. 132Sn and 208Pb. In order to make
the present analysis self-contained, the essential features of the model are
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summarized in this section. Here and in the following, use is made of units
h¯ = c = 1.
In the relativistic mean-field approximation [4], nucleons are described as point
particles that move independently in mean fields which originate from the
nucleon-nucleon interaction. The theory is fully Lorentz invariant. Conditions
of causality and Lorentz invariance impose that the interaction is mediated by
the exchange of point-like effective mesons, which couple to the nucleons at
local vertices. The single-nucleon dynamics is described by the Dirac equation
{
−iα ·∇+ β(m+ gσσ) + gωω0 + gρτ3ρ03 + e
(1− τ3)
2
A0
}
ψi = εiψi. (1)
σ, ω, and ρ are the meson fields, and A denotes the electromagnetic potential.
gσ gω, and gρ are the corresponding coupling constants for the mesons to
the nucleon. The lowest order of the quantum field theory is the mean-field
approximation: the meson field operators are replaced by their expectation
values. The sources of the meson fields are defined by the nucleon densities
and currents. The ground state of a nucleus is described by the stationary self-
consistent solution of the coupled system of the Dirac (1) and Klein-Gordon
equations:
[
−∆+m2σ
]
σ(r)=−gσ ρs(r)− g2 σ2(r)− g3 σ3(r) (2)[
−∆+m2ω
]
ω0(r)= gω ρv(r) (3)[
−∆+m2ρ
]
ρ0(r)= gρ ρ3(r) (4)
−∆A0(r)= e ρp(r), (5)
for the sigma meson, omega meson, rho meson and photon field, respectively.
Due to charge conservation, only the 3rd-component of the isovector ~ρ me-
son contributes. The source terms in equations (2) to (5) are sums of bilinear
products of baryon amplitudes, and they are calculated in the no-sea approx-
imation, i.e. the Dirac sea of negative energy states does not contribute to
the nucleon densities and currents. Due to time reversal invariance, there are
no currents in the static solution for an even-even system, and therefore the
spatial vector components ω, ρ3 and A of the vector meson fields vanish. The
quartic potential
U(σ) =
1
2
m2σσ
2 +
1
3
g2σ
3 +
1
4
g3σ
4 (6)
introduces an effective density dependence. The non-linear self-interaction of
the σ field is essential for a quantitative description of properties of finite
nuclei.
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The effective single-nucleon potential is essentially given by the sum of the
scalar attractive σ-potential and the vector repulsive ω-potential. Both po-
tentials are of the order of several hundred MeV in the nuclear interior. The
contributions of the isovector ρ-meson field and the electromagnetic interac-
tion are much smaller. In the relativistic Hartree mean-field approximation
the nucleon self-energy is real, local and energy independent. However, due
to the momentum dependence of the scalar density or, equivalently, the mo-
mentum dependence of the Dirac mass in the non-relativistic reduction of the
Dirac equation, even in the Hartree approximation the equivalent Schro¨dinger
potential is nonlocal, i.e. momentum dependent[3].
In applications of the standard relativistic mean-field model to the description
of ground state properties of spherical and deformed nuclei, the approximation
of the real, local and energy independent nucleon self-energy leads to the well
known problem of low effective mass, i.e. low density of single-nucleon states
close to the Fermi surface. The problem of defining, in the relativistic frame-
work, a local energy-dependent potential equivalent to a microscopic non-local
potential, was discussed in detail in Ref. [5]. In a subsequent article [6] the
same authors applied the relativistic Bru˝ckner-Hartree-Fock approximation
to the calculation of dispersion relations that connect the real and imaginary
parts of the Lorentz components of the mean field in symmetric nuclear mat-
ter and showed, in particular, that the total dispersive contribution to the
real part of the mean field depends almost linearly on energy in an interval of
half-width 10 MeV around the Fermi energy EF .
The effect of non-locality in space and time of the underlying microscopic po-
tential on the equivalent local and energy dependent potential in a relativistic
theory, is conveniently expressed in terms of an effective nucleon mass m∗.
The effective mass should not to be confused, however, with the Dirac mass,
mD = m + gσσ, appearing in Eq. (1). The latter is always smaller than m,
due to the fact that gσσ is an attractive potential, of the order of 0.5m in the
nuclear interior, and very close to m at the surface, where σ goes to zero. As
shown in detail in Refs.[5,6], the effective mass which is directly connected
with the density of single particle states around the Fermi energy EF , i.e.
the crucial parameter of any nuclear state density model, can be defined as
follows:
m∗ (E)
m
= 1− dVe (E)
dE
, (7)
where E = ε − m is the difference between the total nucleon energy, ε, and
its rest mass, and Ve (E) is the real part of the energy-dependent Schro˝dinger-
equivalent potential. In symmetric nuclear matter Ve reads [5]:
Ve (E) = Vσ + Vω +
E
m
Vω +
1
2m
(
V 2σ − V 2ω
)
, (8)
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where Vσ(ω) is the real part of the σ(ω) potential. Eqs. (7-8) show that in the
standard mean-field approximation, when Vσ and Vω do not depend on energy,
the effective nucleon mass is also energy independent. The theoretical results
of Ref. [6] can be phenomenologically reproduced by assuming that Vσ and Vω
are linear functions of E in an energy window of half-width, ∆E, of the order
of 10 MeV centered at EF . In addition, we shall make the same simplifying
assumption as in Ref. [3], dVσ/dE = dVω/dE = α, or, equivalently
Vσ(ω) = V
0
σ(ω) + α (E −EF ) , (|E − EF | ≤ ∆E) (9)
With this assumption, m∗ (E) becomes a linear function of E in the same
energy window:
m∗ (E)
m
=1− 2α− V
0
ω
m
(1− α)− V
0
σ
m
α +
αEF
m
− 2αE
m
|E − EF | ≤∆E .
In the case of finite spherical nuclei, considered in Ref. [3] and in the present
work, Vσ and Vω are, of course, functions of the radial coordinate, and so are the
Schro¨dinger equivalent potential, which contains additional r-derivative terms
with respect to Eq. (8), and the effective nucleon mass. However, as opposed
to the Dirac mass mD, m
∗(r, E) might become greater than m, provided α is
negative and large enough.
It is also important to point out that the present definition of m∗ can be
directly compared to the effective mass in non-relativistic models aimed at
reproducing the empirical nuclear state densities, such as the model of Ref.
[7] which accounts for the observed decrease of the level density parameter
a = pi
2
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g (EF ) of the Bethe formula [1] with increasing excitation energy or
temperature, from the average value of A/8 MeV−1 at T ≤ 1 MeV to A/11
MeV−1 at T ≃ 2.5 MeV in the mass region A ≃ 160. Since the single-particle
level density at the Fermi energy, g (EF ), is empirically proportional to the
mass number A and, in the model of Ref. [7], depends almost linearly on
m∗ (EF ), we expect that our m
∗ (EF ) is a smooth function of A in the same
mass region. The density-averaged effective mass of Ref. [7] ranges from 1.12m
at A = 40 to 1.13m at A = 210. These values are corroborated by a recent
analysis [8] of neutron resonance spacings of several stable nuclei, which yields
an average value 〈m∗ (EF )〉 /m = 1.09± 0.13.
If, according to Eq. (9),the effective potential in the Dirac equation (1) is a
linear function of E, this defines a generalized eigenvalue problem
HˆDψ = A¯Eψ , (10)
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where HˆD is the energy independent Dirac Hamiltonian and A¯ denotes the
matrix that contains the linear energy dependence. The problem can be solved
exactly; the technical aspects of the solution are discussed in Ref. [3] and will
not be repeated here.
We conclude this section by noting that, as is well known from non-relativistic
theories, the energy dependence of the nucleon self-energy can be described
microscopically in terms of the coupling of single-particle states to surface vi-
brations (see, e. g., Ref. [9]). This can be also done in a relativistic framework,
by coupling the single-particle states generated in the energy-independent
mean-field approximation to surface vibrations calculated in the relativistic
random phase approximation. The present phenomenological approach can be
considered as a preliminary quantitative evaluation of the impact of particle-
vibration coupling on the calculation of total level densities in spherical nuclei.
3 Combinatorial Algorithm
Several techniques for an exact treatment of the problem of generating the
full many-body physical state space for simple nuclear models can be found
in the literature. An example is the odometer approach to the generation
of multi-particle configurations adopted by Hillman and Grover [10], which
is simple, but not efficient enough to be used in the case of heavy nuclei
at high excitation energy. Recursive methods of calculating state and level
densities of non-interacting many-fermion systems were proposed by various
authors ( [11], [12], [13]). Berger and Martinot [14] proposed the use of a five-
variable generating function, whose power expansion coefficients determine
the number of nuclear states with given numbers of proton particles, proton
holes, neutron particles and neutron holes at a given excitation energy. This
approach has been generalized by Hilaire, Delaroche and Girod [15] and ap-
plied to the calculation of nuclear level densities based on single-particle states
that were generated by the density-dependent Gogny interaction in the self-
consistent Hartree-Fock-Bogoliubov model. The approach of Ref. [15] and our
work present some analogies, which will be discussed here and in the following
sections.
The combinatorial method used in the present work is based on the Gaussian
polynomial expansion of a generating function of states of n identical particles
coupled to a given angular momentum, I. If the particles are either bosons of
the same angular momentum, l, or fermions in the same j-shell, the problem of
determining the multiplicities of states of given angular momentum projection,
Iz =M , was solved long ago, and standard solutions can be found in textbooks
(see, e. g., Ref.[16]).
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The generating function appropriate to a system of fermions in the same j-
shell is the following two-variable polynomial [17]:
F (q, t) =
2j+1∏
i=1
(1 + qit) =
2j+1∑
r=0
qr(r+1)/2

 2j + 1
r


q
tr, (11)
where the symbol in square brackets denotes denotes the Gaussian polynomial
in q of order r(2j + 1 − r), which reduces to an ordinary binomial coefficient
when q = 1. It can be proved that the multiplicity, m(M), of states of n
fermions with total angular momentum projection M is nothing but the co-
efficient of qM+n(j+1)tn in formula (11), or, equivalently, the coefficient of qM
in
G(2j + 1, n; q) = q−n(2j+1−n)/2

 2j + 1
n


q
. (12)
Finally, the number of states of total angular momentum I is simply N(I) =
m(M = I)−m(M = I + 1).
For the sake of completeness, we quote from Ref.[17] the generating function
for states of bosons of angular momentum l:
B(q, t) =
2l+1∏
i=1
1
1− qit =
∞∑
r=0
qr

 2l + r
r


q
tr. (13)
In group-theoretical language, the above procedure corresponds to determin-
ing the multiplicities of SU(2) representations occurring in the decomposition
SU(2j + 1) ⊃ SU(2) ⊃ SO(2),
of the fully antisymmetric representation {1n} or the fully symmetric represen-
tation {n} of SU(2j + 1) for fermions or bosons, respectively. The generating
function approach is extended to the full Racah decomposition
SU(2j + 1) ⊃ R(2j + 1) ⊃ SU(2) ⊃ SO(2),
where R(2j + 1) is the seniority group (orthogonal for bosons and symplectic
for fermions), on the basis of a simple consideration: if a state of an n-particle
configuration of given angular momentum contains at least one zero-coupled
pair, then the state appears also in the (n− 2)-particle configuration, because
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the zero-coupled pair does not contribute to the angular momentum. As a
consequence, the generating functions become [18]
Vb(2l + n, n; q) = G(2l + n, n; q)−G(2l + n− 2, n− 2; q), (14)
and
Vf(2j + 1, n; q) = G(2j + 1, n; q)−G(2j + 1, n− 2; q) , (15)
for bosons and fermions, respectively, with G(r, n; q) given by formula (12).
and n ≤ (2j+1)/2 in the fermion case, because of Pauli blocking. The general-
ization of the method to the multilevel case is straightforward: the generating
function is the product of the generating functions (15) of individual levels.
This completes the formalism needed for the effective generation of the full
state space that diagonalizes the schematic Hamiltonian
Hˆ =
∑
i
nˆiǫi +G
∑
i
Sˆ
(i)
+ Sˆ
(i)
− . (16)
Here, nˆi denotes the number operator in the i-th single particle level with
energy ǫi and angular momentum ji. Sˆ
(i)
± are quasi-spin operators [19]. The
model Hamiltonian consist of the usual mean-field part and a diagonal pairing
interaction with constant strength G. The contribution of the pairing correla-
tions to the total energy reads
EP = −G
4
∑
i
(ni − si)(2ji + 1− ni − si + 2) . (17)
It is important to note that our simplified residual pairing interaction conserves
seniority, which is not realistic, but the implementation of the computational
algorithm is straightforward. The present method represents an extension of
the model with diagonal pairing in deformed doubly degenerate states, previ-
ously employed by Williams [20]. It has been shown [21] that the correlations
in Eq. (17) can destabilize the shell model ground-state, inducing a transition
to a superfluid phase.
In the Gaussian polynomial method (GPM) the calculation is scaled down
from the number of states to the number of levels, and we emphasize that
the method gives the exact state space for the model defined by Eq. (16),
taking into account the full Racah decomposition of the many-body states
with angular momentum projection M , seniority, energy, and parity as good
quantum numbers.
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The GPM is implemented in the computer program package SPINDIS [2],
which contains various applications for calculating the total level (or state)
densities and spin-parity distributions for the model defined by Eq. (16). By
using recursion relations [17] for the coefficients in Eq. (15), SPINDIS allows
high-speed computation. This part of the program, called distribution genera-
tor, is served by a many-body level-configuration generator consisting of four
odometers, which control the following quantities:
(1) pairs coupled to zero angular momentum, promoted among the available
levels (with Pauli blocking taken into account);
(2) unpaired particle configurations (input for the distribution generator);
(3) number of unpaired protons (neutrons);
(4) total number of broken pairs.
The energy corresponding to each many-body configuration is calculated by
using the expression Eq. (17) for the pairing contribution. As it is well known,
the basic problem in the generation of multi-particle configurations is that
only a small fraction of the lexicographically generated levels is found below
the chosen excitation energy cut-off. A detailed description of the algorithm
for generating the multi-particle configurations is given in Ref. [2]. However, it
is important to emphasize that the algorithm generates all possible states, i.e.
not even a single state is lost up to the excitation energy cut-off. This is shown
in Fig. 1, where we compare the total state density of 208Pb up to 50 MeV cal-
culated by the SPINDIS algorithm with the one calculated by the saddle-point
approximation to the inverse Laplace transform of a grand-canonical fermion
partition function. The latter approach to non-collective state density has been
used for years, and is known to be very reliable, provided the excitation energy
is not too low. Above the neutron binding energy, the numerical results are in
very good agreement, so that the two methods are mutually corroborated. The
input parameters of the calculation will be discussed in Section 5. We note
that at the excitation energy of ≈ 50 MeV the state density ω ≃ e46MeV−1.
In addition to the total state density ω (E), SPINDIS computes the density
of states of given spin projection ω (E,M), and the density of levels of given
spin J
ρ (E, J) = ω (E,M = J)− ω (E,M = J + 1)
What is the maximum excitation energy at which calculations can be per-
formed in our model? The single-nucleon wave functions are expanded in a
spherical harmonic oscillator basis. This means that if too many oscillator
shells were included in the calculation, the resulting nuclear state densities
would steadily increase with energy. Nuclei have finite binding energies and
state densities are expected to reach a maximum well below the dissociation
region, and to decrease at higher excitation energies up to the dissociation
point. Therefore, we can either truncate the sequence of single-particle levels
9
in such a way that yields a realistic behavior of total state densities when the
excitation energy approaches the dissociation point, or we can limit our cal-
culations to excitation energies that are well below the expected maximum,
so that the resulting state densities are not very sensitive to the maximum
number of single-particle orbitals included in the calculations.
In the present work we have chosen the simpler alternative. The calculations
extend up to Emax = 50 MeV, which is of the order of magnitude of the nu-
clear potential well, and therefore of the maximum allowed one-hole energy.
This excitation energy is much lower than E∗ ≃ 2A MeV, (A is the mass
number) at which the physical state density already shows significant devi-
ations from a simple Bethe formula like behavior. At even higher energies,
the state density can be approximated by a Gaussian curve decreasing to 0
around E∗ ≃ 8A MeV [22]. An application of the state density formalisms to
heavy ion reactions, where excitation energies between 2A and 8A MeV are
easily attained, necessitates a physically sound prescription for the trunca-
tion of the single-particle level scheme. One possibility, suggested in Ref. [23],
where use is made of the recursive algorithms of Ref. [13], is to include, in
addition to bound states, only those neutron quasi-bound states that are be-
low the centripetal barrier and the proton quasi-bound states that are below
the Coulomb plus centripetal barrier or, alternatively, quasi-bound states that
have optical-model transmission coefficients less than 0.05. A main default of
the same work, however, is the use of a static mean field approximation, hardly
justifiable at excitation energies above the pion production threshold, with the
net result of overestimating the total state density at high excitation energy.
The extension of the present formalism to the energy region of interest in
heavy ion reactions will be investigated in a future work.
4 Collective Enhancement
Until now we have explicitly considered only non-collective degrees of freedom
in generating nuclear states at high excitation energy. The effective particle-
vibration coupling that leads to realistic single-particle spectra around the
Fermi energy is treated phenomenologically by an energy dependence of the
effective single-nucleon potential and, therefore, of the effective nucleon mass.
It is well known, however, that collective nuclear excitations give a sizable con-
tribution to the total state density at low excitation energy, and therefore must
be included in the model space in order to have a meaningful comparison with
experimental data. Since the present analysis is limited to spherical nuclei, the
collective enhancement of the total state density will be mainly due to surface
vibrations of various multipolarities. The lowest-lying vibrational modes are
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the quadrupole, with spin-parity Lpi = 2+ and energy E (2+) ≃ 30A−2/3 MeV,
and the octupole, with Lpi = 3− and E (3−) ≃ 50A−2/3 MeV.
The effect of collective degrees of freedom on total state densities is con-
veniently illustrated by assuming the adiabatic decoupling of collective and
non-collective excitations, approximately valid at excitation energies E much
higher than the average, or characteristic, collective energy 〈Ec〉. This assump-
tion is generally not valid in the energy range of interest to the present work,
and is made here only for the sake of simplicity.
Let {Ec} be the set of eigenvalues of a collective Hamiltonian. For any given
eigenvalue Ec, the effective excitation energy available to non-collective modes,is
E∗ = E − Ec, and the total state density is obtained by summing the combi-
natorial state densities corresponding to all effective excitation energies
ωtot (E) =
∑
c
ω (E − Ec)
≃∑
c
[
ω (E)− Ec ∂ω
∂E
(E)
]
, (18)
provided that Ec ≪ E. Let us introduce the temperature T corresponding to
the excitation energy E, according to the definition
1
T
=
∂
∂E
lnω (E) =
1
ω
∂ω
∂E
(E) . (19)
Eq. (18) can thus be rewritten in the form
ωtot (E)≃ω (E)
∑
c
(
1− Ec
T (E)
)
≃ω (E)∑
c
exp
(
− Ec
T (E)
)
=ω (E)Zcoll (E) .
The enhancement factor is the collective partition function Zcoll (E) at tem-
perature T (E).
We emphasize that the above derivation is not based on the assumption that
the fermion system is in equilibrium with an external heat and particle bath,
as required by a grand-canonical ensemble description. On the contrary, our
fermion system is isolated, since the non-collective state density ω is calcu-
lated by a combinatorial method consistent with a micro-canonical ensemble
description, and the definition (19) of temperature is based on Boltzmann’s
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definition of entropy, S (E) = lnω (E)+c, valid in the micro-canonical ensem-
ble.
As was pointed out in Ref. [24], the above micro-canonical description can be
transformed into a grand-canonical one by observing that S (E) = Sgc (E) +
∆S (E), where ∆S (E) goes to zero for E →∞. Thus,
1
Tgc
≡ ∂Sgc
∂E
(E) =
1
T
− ∂∆S
∂E
(E) >
1
T
. (20)
As a consequence we expect that, as soon as the excitation energy is high
enough for a grand-canonical description to become applicable, the fermion
system can be considered in thermal equilibrium with an external reservoir
at a temperature Tgc (E), systematically lower than the micro-canonical tem-
perature T , derived from the combinatorial state density ω, at the same en-
ergy E. This is confirmed by Fig. 2, which compares the grand-canonical and
micro-canonical temperatures of 208Pb as functions of E. We note that the
micro-canonical temperature has been obtained by numerical derivation of
an energy-smoothed state density, in order to avoid numerical divergence at
energies where the original combinatorial state density displays discontinu-
ities connected with the opening of particle-hole excitation channels. More
precisely, formula (19) predicts divergence of inverse temperature, and, conse-
quently, a sudden temperature dip at any discontinuity connected with a new
particle-hole excitation, followed by a zero inverse temperature, and then a
diverging temperature, in the plateau between two successive discontinuities
of the state density. The rapid oscillations of the micro-canonical temperature
derived from a state density computed in energy bins, ∆E, as small as 500
KeV, are progressively washed out with increasing ∆E up to 2 MeV, where
good agreement is reached with the grand-canonical temperature correspond-
ing to the same excitation energy.
A non monotonic behaviour of temperature as a function of excitation energy
was experimentally observed for the first time in the level densities of well
deformed lanthanides below 6 MeV [25] and, more recently, also in the level
densities of weakly deformed Sm isotopes [26] and attributed to progressive
breaking of nucleon pairs, and, at higher energies, quenching of pair corre-
lations. Although this effect has not been observed till now in magic nuclei,
where the discontinuities in level densities should be connected with non-
collective particle-hole excitations across shell closures, a proper extension of
the micro-canonical formalism to open-shell nuclei would make it possible to
compare calculated temperature fluctuations with those extracted from exper-
imental data, thus giving an important advantage at low excitation energies
over a canonical formalism, where temperature fluctuations are smoothed out
by construction.
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If the derivative in Eq. (20) is approximated by
∂∆S
∂E
≃ δS
δE
, (21)
the expression can be rewritten as
δE
T
≃ δE
Tgc
− δS , (22)
i.e. it relates a change in excitation energy in the micro-canonical system with
a change of energy and entropy in the grand-canonical frame.
Once we are allowed to reformulate the equilibrium of our fermion system
in a grand-canonical language, it becomes natural to express the collective
enhancement factor, Zcoll, in terms of a boson system in equilibrium with
fermions at temperature Tgc (E). The bosons represent collective fermion pairs
treated in the random phase approximation (RPA), as shown in Ref. [27],
where the vibrational factor is expressed in terms of the energy and entropy
of a gas of RPA phonons of both parities πi, and all multipolarities λi
Zcoll (Tgc (E)) = exp
(
δS − δE
Tgc
)
, (23)
where
δE =
∑
i
∑
pii
(
2λ
(pii)
i + 1
)
niωi,
δS =
∑
i
∑
pii
(
2λ
(pii)
i + 1
)
[(1 + ni) ln (1 + ni)− ni lnni] .
ωi is the energy of the RPA phonon of type i, with spin-parity λ
(pii)
i . In the
present analysis we only consider the leading modes of both parities, namely
the quadrupole ( λ
(pii)
i = 2
+ ) and the octupole ( λ
(pii)
i = 3
− ). The average
number of type-i phonons is given by a Bose distribution corrected for damping
effects [28]:
ni (T ) =
exp
[
−γi(T )
2ωi
]
exp
(
ωi
T
)
− 1
, (24)
where the temperature dependence of the damping factor γi is taken from the
Landau theory of Fermi liquids. The numerical coefficients are determined by
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a consistent description of collective levels and neutron resonance data [29]
γi (T ) ≃ 0.0075A 13
[
(ωi)
2 + 4π2T 2
]
MeV (25)
In the limit T →∞, Eqs. (24) and (25) give ni → 0 and, consequently limT→∞
Zcoll = 1.
In principle, because the combinatorial algorithm [17] exploited by SPINDIS
can be also applied to bosons, as illustrated in the previous section, the vibra-
tional enhancement can be described directly in the micro-canonical frame.
A similar procedure is followed in Ref. [15], where a three-variable generating
function is used, whose expansion coefficients give the multiplicities of states
of given boson number and spin projection at a given excitation energy. In the
latter approach, however, the damping of collectivity , which is quite natural
in the finite temperature description of Eq. (24), is introduced by truncating
ad hoc the boson generating function at nmax = 3, with the justification that
states with higher boson number are rather weakly collective.
Neither of the two approaches to the vibrational enhancement is, however, very
satisfactory from a theoretical point of view. Both treat the excited nucleus as
an assembly of independent fermions and bosons. This approximation might
be acceptable, and is confirmed a posteriori by comparison with experimental
data, if we limit ourselves to the calculation of total level densities. A reliable
description of partial level densities of given spin and parity, on the other
hand, necessitates a consistent treatment of the boson-fermion interaction, by
taking properly into account the microscopic structure of bosons as collective
fermion pairs.
The present analysis is limited only to spherical nuclei, and, consequently, only
the vibrational enhancement of state densities is taken into account, because
our main goal is to check the validity of the relativistic mean-field approach
to excited systems where correlation effects, not yet easily treatable in a rela-
tivistic framework, play a minor role. As is known, the extension to deformed
nuclei will require, in addition, a rotational enhancement, as well as an ap-
propriate treatment of the coupling of rotations and vibrations. The latter
coupling is frequently neglected in level density calculations, thus leading to
a significant overestimate of the collective enhancement around its maximum,
as shown in a recent evaluation [30] of this effect in the framework of the
interacting boson model.
A fully grand-canonical description of both single-particle and collective de-
grees of freedom in nuclear level densities smooths out the low energy fluctu-
ations connected with the onset of non-collective particle-hole excitations and
approaches the micro-canonical description with increasing excitation energy.
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A self-consistent mean-field approach to nuclear level densities in the grand-
canonical framework is presented in Ref. [31]. There, the single-nucleon states
are calculated in the Skyrme-Hartree-Fock approximation by means of the
MSk7 effective interaction and the pairing interaction is treated in the stan-
dard BCS approximation. The average effective mass turns out to be < m∗ ≃
1.05m. A temperature-dependent rotational enhancement of standard form
is taken into account in the level densities of strongly deformed nuclei. Al-
though the calculation does not include any explicit vibrational enhancement
for spherical nuclei, this effect is implicitly taken into account by adjusting
excitation energy and entropy so as to reproduce empirical data, such as the
cumulative numbers of discrete levels and the neutron resonance spacings.
This study, however, is neither limited to the about 300 nuclei whose neutron
resonance spacings are measured, nor to the about 1200 nuclei whose discrete
spectra are known to some extent, but, aiming at astrophysical applications, is
extended to 8000 nuclei outside the beta-stability valley, where extrapolation
of empirical systematics would not make any sense. Total and spin-dependent
level densities are provided in tabular form up to an excitation energy of 150
MeV.
A new promising approach to nuclear level densities in the canonical frame-
work is provided by the shell-model Monte Carlo (SMMC) method [32]. There,
use is made of the Hubbard-Stratonovich representation for the e−βH opera-
tor, β being the inverse temperature, and the energy of the system , E, is
computed by the auxiliary field method as a function of β from the canonical
expectation value of the Hamiltonian through an exact particle-number pro-
jection of both protons and neutrons. The partition function, Z(β), is then
determined by numerical integration of E(β) and the level density obtained as
the inverse Laplace transform of Z, in the saddle-point approximation. Using
in their Hamiltonian a separable surface-peaked residual interaction, in addi-
tion to the standard pairing interaction, active in the (pf+0g9/2) valence shell,
the authors of Ref. [32] were able to reproduce the experimental level density
of 56Fe up to 20 MeV, thus treating collective and non-collective excitations
on the same computational basis, without resorting to any external enhance-
ment factor. The parity-projected level densities in the above mentioned range
were well reproduced by back-shifted Bethe formulae with parity-dependent
parameters.
The SMMC method was later applied to other even-even nuclei, from Fe to
Ge [33], as well as to odd-mass and odd-odd nuclei [34] in the same mass region
and energy range. In the case of odd fermion systems, the weight functions
appearing in the auxiliary field integrals are not necessarily positive, thus
giving rise to a well-known sign problem, recently overcome by the particle-
number reprojection method [35]. All the above mentioned SMMC calculations
are well reproduced by back-shifted Bethe formulae, which are thus able to fit
theoretical level densities which include correlations among nucleons, at least
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for nuclei which are not strongly deformed, in an energy range of the order of
some ten MeV.
The possibility to include correlations in the Bethe formula has been known
empirically for years, and is reflected in the fact, already quoted in Section 2,
that the average value of the level density parameter at the neutron binding
energy, a = A/8 MeV−1, is about as twice as the value predicted by the
Fermi gas model, thus accounting for low energy correlations other than those
described by the energy backshift. A theoretical justification of the validity of
the shifted Bethe formula beyond the independent particle approximation was
recently given in Ref. [36]. There, it was shown that the shifted Bethe formula
is closely connected with a continuous binomial level density in a finite space,
defined by three parameters, which can be extracted from the three lowest
moments of a Hamiltonian of any rank.
We believe, however, that the mean-field approach to nuclear level densities is
still worthy of development and applications, were it not for the fact that the
SMMC method is still very far from applicability to a region of the periodic
chart and to an energy range as large as those allowed in a self-consistent
mean-field approximation (see, in particular, Ref. [31]). Moreover, at excitation
energies higher than about 2 MeV/nucleon, easily attainable in current heavy
ion reactions, we expect not only vanishing correlations, but also failure of
the Bethe formula, which predicts an exponentially increasing level density,
physically unreasonable at excitation energies approaching the nuclear binding
energy, as already discussed at the end of the previous section. Under such
extreme conditions, microcanonical, or canonical calculations based on a self-
consistent relativistic mean-field approximation may prove a very valuable
approach, as we intend to show in a future work.
5 Numerical Results
In this section we discuss and compare with experimental data the results of
illustrative calculations of total level densities of few magic and semi-magic
nuclei.
A crucial parameter of our calculations is the density of single-particle states
at the Fermi energy. The single-nucleon spectra are calculated with the rel-
ativistic mean-field model with energy-dependent effective mass. For the ini-
tial parameterization of the effective Lagrangian (meson masses and meson-
nucleon couplings) we have chosen, instead of the NL3 effective interaction [37]
adopted in Ref. [3], the older parameter set NL1 [38]. Even though NL1 is ad-
mittedly inferior to NL3 in reproducing the bulk nuclear properties, it yields
a more realistic magic gap E
(
h9/2
)
− E
(
s1/2
)
in 208Pb, considered also in
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the present work. For this reason, NL1 has also been adopted as the starting
parameterization in the recent analysis [39] of shape coexistence phenomena
in the Pt-Hg-Pb region.
In addition, the half-width of the interval in which the σ and ω mean-field
potentials are assumed to be linearly dependent on energy, has been reduced
from 10 to 5 MeV. In this way, we obtain more realistic energies of the single-
particle states above the Fermi surface, which have a particularly strong effect
on the calculated total level densities.
The linear energy dependence of the σ and ω mean-field potentials is deter-
mined by the parameter α in Eq. (9).
The input parameters used in the calculation of three illustrative cases, 208Pb,
114Sn and 60Ni, are collected in Table 1 (parameters of the relativistic mean-
model), and Table 2 (the parameters α of the energy-dependent effective mass,
the pairing strengths and the phonon energies).
Starting from the heaviest nucleus, 208Pb, α has been adjusted so as to repro-
duce the binding energy, the cumulative number of discrete levels as a function
of excitation energy, and the s−wave neutron resonance spacing, Dobs, mea-
sured in the 207Pb+n reaction. As is known, in the case of an odd-mass target
nucleus with N neutrons and ground-state spin-parity Ipi,
Dobs =
1
ρ(Bn, J = I + 1/2, π) + ρ(Bn, J = I − 1/2, π) , (26)
where Bn and ρ(U, J, π) are, respectively, the neutron binding energy and the
density of levels with spin-parity Jpi of the compound nucleus with N + 1
neutrons. Since no experimental data are available on the total level density
at higher excitation energy, we have checked the quality of our calculations
by comparing the total state density obtained from the SPINDIS algorithm
applied to the set of experimental single-particle levels, already adopted in
Ref. [3], with the analogous level density obtained with the same algorithm
applied to the single-particle levels generated in the RMF approximation with
non-zero α parameter. The agreement is excellent over the whole energy range
considered in the present work.
The theoretical non-collective level density thus obtained has been multiplied
by the vibrational enhancement factor described in the previous section, by
assuming quadrupole and octupole phonon energies close to the energies of
the 2+1 and 3
−
1 levels, respectively, somewhat different, for a bi-magic nucleus,
from the values expected from systematics.
The resulting total state density is compared in Fig. 3 with the corresponding
grand-canonical calculation of Ref. [31]. The agreement appears to be satisfac-
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tory up to about 20 MeV, while our level density becomes larger than that of
Ref. [31] with increasing excitation energy. It is worthwhile to stress, however,
that Ref. [31] does not include an explicit vibrational enhancement factor for
spherical nuclei. Experimental and calculated cumulative numbers of discrete
levels at low excitation energy are compared in the inset of the same figure.
In order to check the possibility of reproducing our numerical results with
simple analytic formulae, we have compared the energy trend of our total
state density with the standard backshifted Bethe formula (BBF) [46]:
ωBBFT (E) = g
√
π
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exp
[
2
√
a(E −E0)
]
a1/4(E − E0)5/4 , (27)
and with the generalized Bethe formula (GBF) [47]:
ωGBFT (E) = g
√
π(1− ξ)
6
√
8
· exp {[a(E −E0)]
ξ/ξ}
(E − E0)[a(E −E0)]1−3ξ/2 . (28)
In both formulae, the total state density is obtained for g = 2. Moreover, GBF
reduces to BBF for ξ = 0.5.
The BBF and GBF fits to the numerical state density of 208Pb are shown in
Fig. 4 and the corresponding parameters, adjusted on the energy range from
10 to 30 MeV, are given in Table 3. Our numerical results are well reproduced
by GBF on the whole energy range up to 50 MeV, while BBF exhibits sizable
discrepancies outside the region of fit. The BBF curve appears to be in better
agreement with the total state density of Ref. [31], probably in connection with
the fact that the latter does not include an explicit vibrational enhancement.
For lighter spherical nuclei, there are experimental data on total level densities
mainly below 20 MeV, where the vibrational enhancement factor discussed
in Section 4 is expected to play a significant role. This is indeed the case
for the semi-magic nuclei 114Sn and 60Ni, whose calculated level densities are
compared with experimental data in Figs. 5 and 6, respectively. Here, α is
adjusted again on the binding energy and the cumulative number of discrete
levels, while the level density at higher energy is reproduced by means of the
smooth vibrational factor discussed in the previous section.
The total state densities including collective effects are equally well repro-
duced by BBF and GBF with the parameters given in Table 3 up to about 40
MeV, while the damping of the collective factor with increasing energy yields
systematically lower results than BBF and GBF at higher excitation. These
results are in qualitative agreement with the conclusions of Ref. [36] about the
range of validity of BBF.
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The relativistic mean-field model, the combinatorial algorithm and the vibra-
tional enhancement factor adopted in the present work are strictly valid for
spherical nuclei only. In order to investigate the possible extension to open
shell nuclei, we have performed calculations also for slightly deformed nuclei
in the A = 60 mass region, in particular 56Fe and 55Mn, for which experimental
data of the same quality as 60Ni are available.
Comparison of calculated and experimental level densities, shown in Figs. 7
and 8 for 56Fe and 55Mn, respectively, indicates, however, that for open-shell
nuclei there are some problems still to be solved. To bring these problems into
focus, level densities have been calculated with α = 0 and are plotted without
any collective enhancement factor.
In general, total level densities below 10 MeV turn out to be slightly overes-
timated by our calculation, as a consequence of the degeneracy of the ground
state, as shown by the insets of Figs. 7 and 8, where calculated and experi-
mental cumulative number of levels are compared. The low energy data are
derived from the cumulative number of discrete levels, whose spectra are some-
what different from those of spherical nuclei. In particular, both 56Fe and the
even-even core of 55Mn, i. e. 54Cr, show a ground-state rotational band includ-
ing the 2+1 , 4
+
1 , 6
+
1 and 8
+
1 states, while the energy of the 2
+
2 state is of the
order of magnitude of the quadrupole phonon energy from phenomenological
systematics.
It is not expected that the single-particle level scheme from a mean field with
spherical symmetry and the combinatorial SPINDIS algorithm for spherical
nuclei adopted in the present work produce a very realistic distribution of non-
collective states at low energy, neither can a simple vibrational enhancement
factor compare well with the experimental level densities above 15 MeV, where
both vibrational and rotational degrees of freedom are simultaneously excited
and coupled together.
Therefore, necessary conditions for extension of the present mean-field ap-
proach to open-shell nuclei appear to be the evaluation of single-particle level
schemes at realistic deformations and the use of a combinatorial algorithm,
such as the recursive one [11,13], valid also for deformed systems. Once a more
realistic single-particle scheme is obtained, more reliable conclusions can be
drawn about the treatment of the particle-vibration coupling, simulated by
the α parameter of our model. Corresponding calculations [48] of the effective
nucleon mass in a cranked Nilsson-BCS approach to the structure of statically
deformed nuclei show that the frequency dependent factor, the so-called ω
mass, mω, of the effective nucleon mass is somewhat different from that ob-
tained for open-shell nuclei with spherical symmetry, i. e. the one that could
be simulated with the present version of our model.
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Moreover, the derivation of a collective enhancement factor for deformed nuclei
is nontrivial and requires an investigation of the effect of coupling of differ-
ent collective modes, such as rotations and surface vibrations, not only with
the fermion degrees of freedom, but also among themselves. The latter cou-
pling, often neglected in the level density formalisms, is expected to play an
important role in the energy range considered in the present work.
For the sake of comparison, we show in Figs. 7 and 8 also the level density
resulting from the NL3 parametrization given in Tab. 1. NL1 turns out to be
in slightly better overall agreement with the experimental data.
6 Conclusions and Perspectives
The relativistic mean-field model with energy-dependent effective mass, in-
troduced in Ref. [3], exhibits realistic densities of single-nucleon states at
the Fermi energy. When coupled to the combinatorial algorithm SPINDIS
for treating non-collective excitations of a spherical nucleus, and to a simple
vibrational partition function for collective excitations, the model yields total
level densities in agreement with experimental data in magic and semi-magic
nuclei.
In the present form, however, the model contains a phenomenological treat-
ment of surface vibrations and of their coupling to the single-particle degrees of
freedom. A fully microscopic formulation would require generation of phonons
in a relativistic RPA approximation and explicit formulation of the particle-
vibration coupling, presently simulated by the linear energy dependence of the
meson fields.
The planned extension to non-magic deformed nuclei, necessary for the present
approach to become competitive with the non-relativistic mean-field approaches
[15,31], requires calculation of deformed single-particle schemes, an appropri-
ate combinatorial algorithm and a collective factor taking into account rota-
tional and vibrational degrees of freedom, and their coupling as a function of
excitation energy, or temperature.
There is, moreover, a kind of level density problem where the relativistic mean-
field approach should have no true competitors, i. e. the calculation of nuclear
level densities above the threshold of pion production and up to the total
binding energy of the system, where a static non-relativistic mean-field ap-
proximation loses its validity. The present linear energy dependence of the
classical meson fields is, admittedly, a low-energy approximation, to be prop-
erly modified on the basis of the results of the relativistic Bru¨ckner-Hartree-
Fock theory [6], which predicts a faster decrease of the real potential well
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with increasing excitation energy and, consequently, a sizable change of the
single-particle level scheme, as well as the formation of an imaginary potential
well, whose depth is expected, on the basis of the Dirac phenomenology anal-
ysis of the scattering of polarized intermediate-energy nucleons , to increase
quadratically with energy above the threshold of pion production.
An important step in this direction is provided by Ref. [49], where a relativistic
optical potential suited to proton-nucleus scattering at intermediate energies is
derived in the frame of a relativistic mean field model with density-dependent
meson-nucleon couplings. The rearrangement contributions to the nucleon self-
energies, due to the density dependence of the meson-nucleon couplings, are
necessary in order to get a thermodynamically consistent theory. These effects
could be introduced in the present model along the lines of Ref. [50], where
a new density-dependent parametrization, DD-ME1, has been applied with
success to the description of various properties of magic and semi-magic nuclei,
and could lend itself to an extension to open-shell nuclei without conceptual
difficulties.
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Table 1
The parameter sets of the relativistic mean-field model.
Parameter NL1 NL3
mn/MeV 938.000 939.0000
mσ/MeV 492.250 508.1941
mω/MeV 795.359 782.5010
mρ/MeV 763.000 763.0000
gσ 10.138 10.2169
g2/fm
−1 -12.172 -10.4307
g3 -36.265 -28.8851
gω 13.285 12.8675
gρ 4.975 4.4744
Table 2
Parameters of the linear energy dependence of the effective nucleon mass, pair-
ing strengths (from Refs. [40,41]), and phonon energies (E(2+) = 30/A2/3 MeV,
E(3−) = 50/A2/3 MeV) used in this work. For 208Pb the quadrupole and octupole
phonon energies are the experimental energies of the 2+1 and 3
+
1 levels, respectively.
The latter is the first excited level, and systematics do not give the correct oder of
levels.
Nuclei α(SE) Gn [MeV] Gp [MeV] E(2
+) [MeV] E(3−) [MeV]
208Pb -0.2 0.076 0.091 4.085 2.615
114Sn -0.3 0.12 0.13 1.276 2.127
60Ni -0.1 0.21 0.19 1.957 3.262
Table 3
Fits of the BBF (27) and GBF (28) parameters to the calculated total state den-
sities.
BBF GBF
Nuclei a [MeV−1] E0 [MeV] χ
2 a [MeV−1] E0 [MeV] ξ χ
2
208Pb 13.000 6.000 0.14 4.717 2.466 0.6354 0.015
114Sn 12.16 -0.384 0.044 28.064 2.643 0.4226 0.01
60Ni 6.346 -0.228 0.08 4.634 -1.719 0.5410 0.08
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Fig. 1. Comparison of the total state density of 208Pb computed with the SPINDIS
algorithm (dots), and with the saddle-point method (solid line), using a set of re-
alistic single particle levels calculated with the relativistic mean-field model with
energy dependent effective mass.
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Fig. 2. Comparison of the energy averaged micro-canonical temperature T (for
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as functions of E for 208Pb.
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Fig. 3. Level densities of 208Pb as functions of the excitation energy: a) total level
density (TLD) (squares); b) sum of the partial level densities for Jpi = 0− and
Jpi = 1− (triangles), compared with the experimental s-wave neutron resonance
density of the 207Pb + n reaction (circle) [42]; c) total level density from Ref. [31]
(diamonds). In the inset the calculated cumulative numbers of discrete levels (CNL)
(solid line) are shown in comparison with the experimental values [43].
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Fig. 4. Total state density of 208Pb computed with the SPINDIS algorithm (dots)
and fitted by BBF (27) (dotted line) and GBF (28) (solid line) in in the [5,30] MeV
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Fig. 7. Level densities of 56Fe as functions of the excitation energy: a) The experi-
mental data for the level density are from Ref. [51,45] (circles). b) total level density
(TLD) calculated using NL1 parametrisation (squares); c) total level density (TLD)
calculated using NL3 parametrisation (diamonds); In the inset the calculated cu-
mulative numbers of discrete levels (CNL) (solid line) are shown in comparison with
the experimental values [43].
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